Abstract: The Pioneers 10 and 11, spacecrafts deployed to explore the outer solar system, are reported to have experienced a constant anomalous acceleration toward the Sun. I contend that a generally covariant correction is the cause of the observed Pioneers' anomaly. I include the dominant generic corrections of the pure gravity before computing their corrections to the space-time geometry around the Sun. Afterwards I will find the correction describing the Pioneers' anomaly. I observe that the covariant resolution of the Pioneers' anomaly challenges the common sense to the gravitational interactions among the elementary particles. I then notice that it predicts an anomaly for satellites orbiting the earth.
anomaly. We then demonstrate that this correction leads to a slight dependence of the anomalous acceleration to the velocity of the Pioneers with respect to the Sun.
In the fourth section, we utilize the correction that we have found to predict anomalies for satellites orbiting the earth. Besides, we stress that the covariantly modified action challenges the common sense to the gravitational interactions among the elementary particles.
Generic but simplest corrections around the Sun
The Schwarszchild metric is an isotropic and static solution to the Einstein-Hilbert action. In four dimensions, in the standard preferred coordinates, it reads
where r h = 2G m c 2 in which G is the Newton constant, m represents the mass and c stands for the speed of light. We are interested in the space-time geometry around the Sun, we thus set m = M ⊙ = 1.98 × 10 30 kg for which r h ≡ r ⊙ ∼ 3km.
Since the Einstein tensor vanishes for the the Schwarszchild metric, the geometry around the Sun receives corrections in case the corrections to the action involve the Riemann tensor per se. We consider the simplest of these corrections, the ones which are generic functional of the Riemann tensor's square:
where ǫ is the parameter of the expansion and L is a generic functional. By computing the first variation of (2.2) with respect to the metric, we then obtain [5] 
where partial derivatives are taken assuming that g µν and R µνηγ are independent variables, and the partial derivative coefficients appearing in (2.3) are uniquely fixed to have precisely the same tensor symmetries as the varied quantities. Note that our conventions are such that R φθφθ as well as the Ricci curvature scalar are positive for the standard metric on the two-sphere. We then insert the explicit form of L presented in (2.2b) into (2.3) to obtain
Eq ij ≡ r.h.s. of (2.3) = Eq (0) ij + ǫEq
whereafter R 2 ≡ R µνηγ R µνηγ is understood. In the following lines from the outset, we consider the perturbations around the Sun in the standard preferred coordinate:
It then follows that the non-vanishing and independent components of (2.4) for (2.5) are 1 c 2 Eq
Eq
(1)
where the dependence of the various functions on r is understood. Then (2.4) gives rise to a non-homogeneous second order differential equation for a(r) and a non-homogeneous first order differentail equation for b(r). In accordance with the preceding studies of string world-sheet corrections to various black holes [6, 7, 8] we demand that the corrections must not diverge on the possible event horizon at r = r h , provided the contribution of L(R 2 ) remains bounded on the horizon. We find that this precondition is satisfied by the following solution
where L(r) andL(r) are defined in (2.6) in terms of L[R 2 ].
Reverse engineering the Pioneers' anomaly
The effective potential for space-crafts in the spherical and static geometry of (2.5) is [9] 
where the equatorial plane is chosen to be orthogonal to the angular momentum, and E stands for the energy (per unit rest mass) and l represents the magnitude (per unit rest mass) of the angular momentum. Inserting the ǫ perturbative expansion series of A(r) and B(r) into (3.1) then yields
where a constant term is understood but not mentioned in (3.2b). We notice that V
ef f (r) is the effective potential for the Einstein-Hilbert action. Thus it is ǫV (1) ef f (r) which gives rise to the anomalous accelerations for spacecrafts deployed to explore the outer solar system.
The effective potential culminating to the observed constant anomalous acceleration of the Pioneers is ǫV
where r in 20 − 70AU is understood. If this is due to the corrections to the action of the pure gravity (we elaborate that it can be) then (3.2c) implies that
One then notices that the Pioneers have classical velocity and
4 ≪ c 2 whereafter v stands for the velocity of the spacecrafts with respect to the Sun. Therefore (3.4) can be further approximated to 5) where rearranging the terms is understood. Note that in these distances it holds ǫa(r) ≪ r ⊙ r and the approximation in (3.5) is much less than the error bar in a p . Now we see that (3.5) beside (2.9) leads to an integral equation for the correction to the Einstein-Hilbert action. Variation of this integral equation with respect to r leads to a non-homogeneous linear third order differential equation for L(r). Recalling the error bar in a p , from an aesthetic standpoint, we search for simple functionals solving this latter differential equation instead of solving it in an exact way. We then observe that L(r) ∼
3 ) leads to a(r) ∼ b(r) ∼ r. Therefore, hereon, we set
Inserting (3.6) into (2.9) then yields where it is understood that (3.6) holds up to 70AU from the Sun. Now we can predict the dependence of the anomalous acceleration to the velocity of the space-crafts with respect to the Sun. For so doing, it suffices to insert (3.7) into (3.2c)
which means the constant anomalous acceleration is proportional to (1 + 3v 2 4c 2 ). This implies that it would not be that much easy to empirically verify the velocity dependence by the successors of the Pioneers 10 and 11. It suggests, however, that the successors be designed to have an altering velocity in order to observe that the empirical velocity dependence would not be significantly larger than that of (3.9).
The same anomaly around either a galaxy or an apple
In the previous section we have obtained the covariant correction for the metric around the Sun up to 70AU from the Sun. We notice, however, that the regime of the validity of the correction has not been yet expressed covariantly. So, recalling R 2 = 12 r ⊙ r 6 , we restate that (3.6) is the correction around the Sun for the rigions of the space-time where the Riemann tensor holds 7.53 × 10 −71
We notice that between the regions supported by the Pioneers' anomaly (where (4.1) holds) and the asymptotic flat infinity, the action can be modified quite arbitrarily. So precision may object to extrapolate (3.6) from the boundaries of the regions of the space-time supported by the observed Pioneers' anomaly toward the asymptotic flat infinity without having other observational and empirical facts on the ground. The aesthetic standpoint, however, may let extrapolation beyond (4.1). We like to describe the gravitational field around every thing, either an apple or the Sun or a large galaxy, with the same action. Thus we deduce from the covariant representation of the action for the metric around the Sun that in the regions where curvature holds (4.1), gravity is governed by
where the perturbation in terms of α 0 is conceived of. The present lower bound in (4.1) is due to the fact that the Pioneers had not explored beyond 70AU, therefore it seems unlikely to be physical. The α 0 , however, is a physical constant of nature. I should like to stress that though (4.2) is not yet based on theoretical axioms or criteria, I conceive it an haphazard choice of nature signifying a failure in the sweeping understanding of the Plato's possibilities in the current perturbative model. Now let us calculate the anomalous acceleration for a probe around an arbitrary object; for example consider an elementary particle, the earth, the Sun or a center of a galaxy. Recalling that (4.2) holds a perturbative expansion akin to that of (3.7) around any object of a rest mass m, we find that a probe with a negligible angular momentum and an energy E (per unit rest mass) experiences a constant anomalous acceleration of magnitude
toward the object in the distances
meters, (4.4b) from the object where (4.4a) is due to (4.1) while (4.4b) is the consistency condition for the perturbation around the corresponding Schwarszchild metric. I observe that for the elementary particles, (4.4b) is voilated at the distances significantly lesser than that of the LHC plans to probe while (4.4a) holds. Thus the exact solutions precede addressing the gravity of the elementary particles or production of small black holes in the LHC. It is enchanting that the covariant resolution of the Pioneers' anomaly challenges the common sense to the gravitational interactions among the elementary particles. I hasten that this conclusion does not contradict any experiments yet implemented. One notices that satellites orbiting the earth meet (4.4). Thus (4.2) predicts an anomalous acceleration of magnitude 5) for them toward the earth. Recalling the heterogeneity of the earth, I tend to envisage the need for a satellite especially designed to experience this anomaly within acceptable systematic and experimental errors. Needless to say that measuring a earth would provide a further evidence for the claim that the α 0 is a physical constant of nature. At last let me consider a typical galaxy with a central mass 10 9 times larger than the mass of the Sun. Then (4.3) predicts a constant anomalous acceleration for the stars orbiting the center of the galaxy toward the center, of magnitude a galaxy ≃ M ⊙ m galaxy We, however, notice that the flat rotational velocity curves of the spiral galaxies happen outside the regimes supported by the Pioneers anomaly, illustrated in (4.4a). It is tempting to argue that an appropriate extrapolation of (4.2) would describe the anomalous rotational curves of the spiral galaxies without the necessity to recognize the reality of the spectral presence of anything akin to that of dark matter. This, however, needs further considerations. Meanwhile, we suggest to sharply analyze the data in order to possibly observe (or discard) the predicted constant anomalous acceleration in the range of its validity.
